Abstract. We construct a separately continuous function e : E × K → {0, 1} on the product of a Baire space E and a zero-dimensional compact space K such that no restriction of e to any non-meager Borel set in E × K is continuous.
Introduction
All spaces considered in this note are completely regular and a space E is Baire if and only if any intersection of countably many open sets dense in E, is dense. Our terminology follows [5] and [7] .
Michael Talagrand [12] stated the following problem (cf. also [3] , Problem 3.4):
Problem 1.1 ([12] , Probléme 3). Let X be a Baire space, let Y be a compact space and let f : X × Y → R be a separately continuous function. Does f have a point of joint continuity?
It was shown in [10] that if βN \ N is covered by nowhere dense closed P -sets (i.e., sets A such that any G δ -set containing A is a neighbourhood of A), then the Talagrand problem has a negative solution. Since in some models of ZFC this condition is safisfied, cf. [1] , the result of Mykhaylyuk [10] provides a negative answer to the Talagrand problem in some models of set theory (however, this condition fails under CH, cf. [9] ).
The aim of this note is to show that the approach of Mykhaylyuk, combined with some construction of Kunen, van Mill and Mills, provides a negative solution of the Talagrand problem, without any additional set-theoretic assumptions.
In fact, we shall obtain the following stronger result. Theorem 1.2. There exists a separately continuous function e : E × K → {0, 1} on the product of a Baire space E and a zero-dimensional compact space K such that no restriction of e to any non-meager Borel set in E × K is continuous.
This means that the separately continuous function e does not have the Baire property, cf. [7, §32] . Since the set of points of joint continuity of e is a G δ -set in E × K, this implies that for some nonempty open rectangle
Separately continuous functions without the Baire property
We shall show in this section that certain extremally disconnected compact spaces K give rise to separately continuous functions e : E × K → {0, 1} described in Theorem 1.2.
In the next section, we shall explain that an example from [9] yields readily a space K which is needed for this approach.
Let K be an extremally disconnected compact space which has a cover P by closed nowhere dense P -sets such that the union of each countable subcollection of P is contained in an element of P, let E = C(K, {0, 1}) be the space of all continuous functions f : K → {0, 1} equipped with the topology of uniform convergence on elements of the family P, i.e., basic neighbourhoods in E of a continuous function f ∈ E are the sets
and let
be the evaluation map, cf. [10, Example 3.4]. Let us recall that Choquet spaces form a very useful class of Baire spaces, cf. [6] .
Theorem 2.1. Let e : E × K → {0, 1} be as above. Then E is a Choquet space and the map e is separately continuous but it fails the Baire property on each non-meager Borel set in the product E × K.
Proof. Let us begin with an observation that no L ∈ P contains a non-empty G δ -set. Indeed, let L ∈ P and let
be nonempty open-and-closed sets in K. Since L is nowhere dense, one can pick points x n ∈ B n \ L and let
are nonempty and hence
The topology in the function space E = C(K, {0, 1}) being stronger than the pointwise topology, the evaluation map e is separately continuous, cf. (2.1), (2.2).
To check that e fails the Baire property on each non-meager Borel set in the product E × K, it is enough to show that, whenever E ′ × K ′ is a nonempty open rectangle in E × K and
are closed nowhere dense sets in E × K, e is not constant on (
We shall proceed as follows, cf. [2] and [10] . We shall pick inductively basic neighbourhoods
in the space E and nonempty open-and-closed sets
for every n.
The set K \ A 1 is a G δ -set containing A 0 , and A 0,n being compact P -sets, there are open-andclosed sets U n.0 in K such that
and similarly, there is an open
σ-compact set U 1 in K containing A 1 and disjoint from U 0 . Since K is extremally disconnected, the sets U 0 and U 1 have disjoint closures in K, and therefore,
Now, there is L ∈ P with n L n ⊆ L, and by the observation we started with, x 0 ∈ n B n \ L.
e(g, x 0 ) = g(x 0 ) = 0 and e(h, x 0 ) = h(x 0 ) = 1.
3. Proof of Theorem 1.2
3.1.
The space X of Kunen, van Mill and Mills. A key element of the construction of a compact space K with the required properties will be the following space X from Example 1.2 in [9] . The space X is the set of non-decreasing functions f : ω 2 → ω 1 + 1, considered as the subspace of the Tychonoff product of ω 2 copies of the space of all ordinals ≤ ω 1 endowed with the order topology.
As was pointed out in [9, sec. 3.1], for every α < ω 2 the set
and for every ξ < ω 1 the set
are nowhere dense closed P -sets in X, and the collection E of these sets covers X. Moreover, the families {A α : α < ω 2 } and {A ξ : ξ < ω 1 } are increasing. Therefore, since ω 1 and ω 2 have uncountable cofinalities, for each countable subfamily A of E there are α < ω 2 and ξ < ω 1 such that A ⊆ A α ∪ A ξ .
3.2.
The projective cover K of the space X. Gleason's results [4] (cf. [11] ) provide an extremally disconnected compact space K and a continuous irreducible surjection π : K → X onto the Kunen, van Mill and Mills space X, considered in subsection 3.1. Let us adopt the notation introduced in this subsection. Let P be the collection of finite unions of elements π −1 (A), where A ∈ E. Then, π being irreducible, the collection P in extremally disconnected compact space K has the properties stated at the beginning of section 2, and in effect, Theorem 2.1 provides a justification of Theorem 1.2. 4.2. Concerning Theorem 2.1. In this theorem, it is enough to assume that that K is an F -space, cf. [5] . The reasoning justifying Theorem 2.1 requires in this case only minor modifications.
4.3.
The induced map e * : E → C(K). The evaluation map e : E × K → {0, 1} in Theorem 2.1 induces a map e * : E → C(K) into the Banach space of real-valued continuous functions on K, defined by e * (f )(x) = e(f, x). Since e is separately continuous, e * is continuous with respect to the pointwise topology in C(K). However, in fact e * is continuous with respect to the weak topology in the Banach space C(K). To that end, it is enough to make sure that for each Radon measure µ on K, the support of µ is contained in some element of the collection P.
We will show first that for every L ∈ P there is an open neighbourhood U(L) of L such that µ(U(L)\L) = 0. Let L ∈ P. Then there is a σ-compact set F disjoint from L with µ(K \L) = µ(F ). Since L is a P -set, there is an open neighbourhood U(L) of L which is disjoint from F . Now, we have µ(U(L) \ L) = 0.
There are L 1 , ...L n ∈ P such that U(L 1 ), ..., U(L n ) cover K, and in effect, the support of µ is contained in the union of L 1 , ...L n , which is contained in an element of P.
